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Abstract. We discussrationalesfor kinetic descriptionsof traffic dynamicsandpresenta classof new modelsof Vlasov-
Fokker-Plancktype. Thesemodelsincorporate(nonlocalandtime-delayedbraking and acceleratiortermswhich are con-
sistentwith realistictime scales Correlationassumptionaremadesuchthatbrakingandacceleratiortermsdependonly on
macroscopidensitiesandtherelative speedwith respecto the averagespeedthe brakingtermincludeslanechangeprob-
abilities, andreasonablessumption®n the dependenciesf theseprobabilitieson the traffic situationleadto multivalued
fundamentatliagramsgconsistentvith traffic obsenations.

INTRODUCTION

The useof kinetic modelsfor traffic dynamicsis controversialbecauseof the arising scalesand the interpretatve
difficulties. It is clearthat kinetic predictionsin traffic flow canonly be interpretedstatistically:how elsecanone
reasonablyalk about‘the numberof carsatlocationx moving atspeedsvithin [v1,v2]?” For traffic on one-laneoads,
wherepassings impossiblejt maywell betruethatmicroscopicmnodels(eachcaris describedy a delay-diferential
equationwith acouplingterm)or macroscopiequationf conserationtype aresufficientfor realisticpredictions.

We give two reasondfor the use of kinetic modelsin multi-lane scenarios:1) They offer greatflexibility and
corveniencdn theincorporationof hypothesesegardingdriver behaiour, and2) They arenaturalsteppingstonesn
thederivationof macroscopienodels.As a possiblethird reasoronecanpoint out thatfor traffic flow kinetic models
arealsofeasiblefor numericalpurposesbecausgositionandspeedarejust one-dimensionalariables.

The first kinetic modelfor traffic flow wassuggestedy PrigogineandHerman[1], followed several yearslater
by a model proposedby Paveri-Fontana[2]. More recently Klar and Wegener[3, 4, 5, 6] have introducedkinetic
equation®of Enskog typefor multilanetraffic. In the presentarticlewe reportaboutavery recentapproacto simulate
multilanetraffic by coupledequation®f Vlasov-Fokker-Plancktype.Thesemodelswereintroducedn orderto resohe
scalingdifficultiespresenin Enslog- andotherBoltzmann-typenodelsdiscussedbelon. In Section2 we presenthe
new models,formulatedfor two-lanetraffic. The equationgnclude brakingandacceleratiortermswith appropriate
nonlocalitiesand time delays;the braking termsinclude the lane changeprobabilitieswhich shoulddependon the
traffic stateaheacdbf the driver (onthe samedane)andon the neighbouringane.

Mathematicamodelsof multilanetraffic flow shouldhave a numberof properties someintrinsic in the modeling
process,somedisplayedin the solution patternspredictedby the model. We suggestthe following list of basic
properties.

1. The scalesusedin the modelfor independenand dependentariables,suchas position, speed,acceleration,
vehicledensityandflux, shouldberealisticandbeatrealisticratios.
2. The modelshouldallow trivial equilibria f (v) = pd, (v) (all carstravel at the samespeedu). Theseequilibria
exist from afundamentapointof view; in certaindensity-flav regimesthey areeffectively obsened[7, 8,9, 10].
3. (a) The modelshouldallow the calculationof equilibrium fundamentatliagramsp — ué(p) or p — j¢(p) =
p-ué(p).
(b) At leaston multilane highwaysandwithin certaindensityregimesthesefundamentalliagramsshouldbe
multivalued(suggestedby traffic obsenations).lt is speculatedhat bifurcationsof this type arelinkedto



thelane-changing/brakingehaior of thedrivers.

4. The model should give rise to phasetransitions/stop-and-gtraffic (presumablyrelatedto the bifurcations
mentionedn 3(b)).

This list is probablyincomplete.Propertyl is basicbut of centralimportance Property2 is alsobasic;it alsois
consistenwith the obsenation (see[7, 8, 9, 10]) thatwithin certaindensityregionstraffic tendsto “synchronize,
i.e., settlesat a trivial equilibria. For higherdensityvaluesthesesynchronizedequilibria give way to moving traffic
jams, consistentwith property4. Finally, the fundamentaldiagramspostulatedby property 3(a), and their multi-
valuedcharactegivenby 3(b), aredeliveredat the simplestlevel by traffic datacollection.They shouldthereforebe
computablérom themodel.

A brief review of other models

Basic “follo w-the-leader'models(systemsof coupledordinary delay-diferentialequationsin which eachcaris
representedby its own equation)cancertainlyhave propertiesl and?2; at the simplestlevel equilibriumfundamental
diagramscanbe computedwith trivial equilibriain mind.

For macroscopicmodels,i.e., systemsof (usually 2) first order partial equations,one for density (continuity
equation)and onefor flux or meanspeed propertyl canbe enforced,but properties2 and 3 are problematicalln
fact, oneusuallyneedsan equilibriumfundamentatliagramp — u®(p), aswell asrelaxationtimesT¢(p), from the

outset,asthe right-hand-sideof the speedequationis Te—j([)) (u®(p) — u). The propertiesof suchmodels(asthe most

recentwe mentionthe modelintroducedby Aw andRascle[11]) dependhenlargely on the choicesof u®(p), T¢(p),
andon otherfunctionsenteringthe modelparametrically

Kinetic modelsallow the computationof traffic patterng(suchasfundamentadiagrams)rom basicassumptions
aboutdriver behaiour. The mostrecentmodelsof kinetic type arethe Enslog-typemodelsintroducedanddiscussed
by Klar, Wegeneretal. in ([4, 5]). They areof thetype

O f +v-0xf =C* (f), 1)

whereC* denotesan interactionoperatorof Boltzmann-Enskg type, with appropriatenonlocalities.As showvn in
[12] thesemodelsmay be refinedto have properties?-4. Unfortunately aspointedout recentlyin [13], they violate
propertyl: In every modelof type (1) whereC* (f) is a“collection” (interaction)operatorof Boltzmann,Enslog or
neutrontransportype, oneimplicitly assumeshattheinteractionitself, andthe velocity adjustmenbf the following
carareinstantaneousl his assumptions acceptabléor microscopigparticleslik e atomsor electronsput it is nottrue
for vehicles,wherea braking or acceleratiortime in typical densityis of the sameorderof magnitudeasthe “free
driving time” in betweerinteractions.

It hasthereforebeensuggestedn [13] that kinetic traffic modelswhich possesgroperty1 shouldbe of Vlasov-
Fokker-Plancktype; in suchequationsthe “force” termsare scalableand speed-dependentincertaintyin driver
behaiour shouldgive riseto diffusionterms.

THE VLASOV-FOKKER-PLANCK MODELS

We consider2-lanetraffic, wherethe traffic lanesarelabeledl or 2, respectiely. Thekinetic traffic densityon lanei
atlocationx andtimet will be f; (x,v,t). Macroscopiaensityp; (x,t), flux j; (x,t) andaveragespeedy; (x,t) arethen
givenby

Pi (X,t) = /'ovrna)< fi (X,V,t) dV, ji (Xat) = /OvmaXVfi (X,V,t) dVJ
ui (%,t) = (Ji/pi) (1)

Sometimed is factoredas fi = pj (x,t) - F (X, v, t), whereF; is the probability densityin v of caseat (x,t).
Realobsenationssuggesthatthereare(at least)3 differentkinds of reactiontimesto be consideredThe average

individual reactiontime T > 0, andthe reactiontimesTg and Ta usedfor the estimationof brakingandacceleration

thresholdsThis meanghata driver atx with speedv will brake in reactionto slower traffic seenat x+ Hg (v), where



Hg (V) = Ho + Tgv and Hp is the averagecar length; moreover, the brake reactionwill occurwith delayr, i.e., the
referencepoint in (x,t)-spaceis (x+ Hg(v),t —T). Similar considerationspply to accelerationand obsenations
suggesthat

0<T<Tg< Ta < 00,

Fori = 1,2 andk = 3 —i we now write thegeneal evolution equationfor thetraffic densityf; as

Oifi +voxfi+0y (Bi(...) fi—Di(...)dvf)
=pk(--) k= pi (---) fi 2)

Here,B;, Dj, and p; standfor the braking/acceleratioforce, the diffusion coeficient andthe lane changingrate(s),
respectiely. The detailsof themodelarecontainedn thedependencieshich we will assumdor thesequantities.

First we remarkthat it would be desirableto producea (more) rigorous derivation from first principles,i.e., a
derivationof (2) from anN-car Liouville equationandhierarchyequationsThe problemwith thisis thatoneneedgo
postulatenteractionrulesbetweerdrivers(cars)in any caseandempiricalinputis unavoidableatthatlevel. Secondly
ary attemptof deriving (2) via hierarchyequationswill at somepoint reachthe difficulty of expressingmary-car
distribution densitiesin termsof the one-cardensity f;, and at that point one hasto make “reasonable’correlation
assumptionsit is clearthatthe usualhypothesiof molecular(“v ehicular”) chaoscannotbe usedin the presentcase
andmustbecorrectedwvith correlationfactorg(segf4, 12] for examplesonthis),whichwill againincorporateempirical
obsenations.

In view of thesedifficultieswe baseour assumptionsn B;, D; and p; on empiricalguidelines We let oursehesbe
guidedby the propertiesl-4 listedin theintroduction.Whenthereis no dangerof confusionwe will sometimeomit
theindex i.

Lane changeprobabilities and passingrates

Dimensionalconsiderationsuggestaking p; = P (...) - ji, where j; is the flux in theith laneand R (...) is a
(dimensionlesslanechangingprobability The dependenciesf P, will bediscussedbelow.

Ourfundamentahssumptionsegardingthe braking/acceleration/difision/lane-changindgpehaioursof anindivid-
ual driver moving with speedv € [0,vmay is thatthe main dependengis on the relative speedv — u;j, whereu; is the
meantraffic speedat a relevantthresholddistanceaheadof the driver. To this endwe find it convenientto introduce
abbreviationsfor u; (x+ Hg,t — 1) asfollows:

uB = uj (x+Hg,t—1), Ul := U (x+ Ha,t — 1)
pIB =0 (X+HB7t_T)7 pIA: Pi (X+HA7t_T)'

A driver at (x,t) will bein abrakingscenaridf v—uf > 0, in anacceleratiorscenariaf v—uf < 0 andv—uf < 0
(notethatthetwo conditionsarenot equivalentbecauseis > Hg if v > 0). It is possiblethatneitherscenariaapplies.
In the brakingscenariahe driver will be motivatedfor changdanes,andwe will assigna lanechangeprobability
R in this case For acceleratiorscenariosve shallseth, = 0.
After thesepreparationsve arefinally readyto suggestiependenciefor the braking/acceleratioterm.

The braking/accelerationterms

Definition. ,
—cg(Vv—uf)pB-(1-PR(...)) if v>uP

Bi (X, 1) :=1 ¢ (v— uiA)z (Pmax—pP) if v<uB and v<u® 3)

0 otherwise

Remarks. Firstwe obsenethatB; vanishesf quadraticorderin (v— u) if u? = uA. Thisis consistentvith property2
listedearlier In fact,all thatis requiredfor this propertyis thatB vanishessv — u; thechoiceof makingB quadraticin



(v—u) andproportionalto densitydifferenceshasthe addedadvantageof makingthe constantgg, ca dimensionless.
Braking shouldbe stronger in densettraffic, hencethe simplelinear dependencen piB, andacceleratiorshouldbe
wealer in densettraffic, hencethe given dependencen pmax— pf* (wherepmax = 1/Ho is the (maximal) standing
traffic density).As uB andu®* dependon v, the conditionsv > uB, v < u? etc.areimplicit in v.
Theasymmetryin (3) is evenstrongertthanpercevedasoneshouldtake ca < cg: brakingis forced,but acceleration
is by choice.Needlesdo say theform prescribedy (3) is justthe simplestof mary possibleguesses.
The(crucial)dependenciesf P, arediscussedbelow. If, asstated R is thelanechangingprobability, thenl — R is

thebrakingprobability.

Diffusion

ThediffusioncoeficientD will alsobesetto depencntherelative speed®f adriver, themacroscopidensityand
the averagespeed Specifically we assumehatthereis a smoothfunctiono (p, u) suchthat

D(...)=D(p,u,v—u)=a(p,u)-(v—u)’,
wherey > 0is aparameterin equationg?2), we take
o (pB,uB) - [v—uB]" if v>uP
Di(--)=9¢ o(pfuf)-[v—uf] if v<u® and v<ul (4)
0 otherwise

The definitionimpliesthatDj is zeroif v=uf = u®; if y > 1, thiswill guarantegoroperty2. In fact, it is enoughfor
this propertyto assumehatD vanishessuficiently fastasv — uf.

Beforewe discussassumption®n o (p,u) we attempta heuristicjustificationof theansatZ4). Thekey ideais that
D; is “generatedby the inability (or uncertainty)of a driver to estimaterelative speedswvith accurag, exceptwhen
suchrelative speedsre0. As afirst guessve setthediffusioncoeficient proportionalto a power of therelative speed.

As for a(p,u), a simplefirst guesswould be to chooseit constantithis, however, is not realisticat the extremal
valuesp = pmax (standingtraffic expected),p = 0 (free driving expected,no reasonfor diffusion),u = 0 (standing
traffic expected) Whathappensat u = unax mustdepencdon p.

Thereforejt seemseasonabléo chooses (p,u) asafunctionwhich vanishesapidly enoughasp — 0 0r p — Pmax,

andasu — 0. In [13], we chose
u
a(p,u) = chmaxurznaxml ( P ) 117] (—>

Pmax Umax

with mp (s) = s(1— s) (notethatthis impliesthat o alsovanishesat u = unax @ corvenientbut probablyunrealistic
andunnecessargssumption)andm; (r) afunctionwhich consistwof two linked piecesof Gaussiamlistributionssuch
thatmraxml =my (0.3) andm, (0) = my (1) = 0. 0. is afree parameterReasonablehoicesof o atthe boundarieof

thedomain(p,u) € [0, pmay X [0,Vmay areimportantfor the computatiorof realisticfundamentatliagramsearthe
endpointp = 0 andp = pmax (the expectedaveragespeedsherearevimax = Umax andu = 0, respectiely).

Lane changeprobabilities

The probabilitiesP;, are only meaningfulon multi-lane highways, but theirimpacton the fundamentatliagramis
significant.As statedbefore,we setP, = 0 in acceleratiorscenariosin brakingscenarios > uB, i.e., v satisfiesthe
implicit relationshipy — u; (x+ Ho + Tav,t — 1) > 0, P, shoulddependonv— uB, onthedensityp?, andon the density
pkx andaveragespeeduy (k= 3—1i) on the neighboringlane, probablywith appropriatenonlocalities.For example,
P shoulddisplay a monotonedependencen u (x,t) and decreasenonotonicallyin pk (x,t) (higherdensityon the
next lanemakeslanechangingdifficult, but higheraveragespeedheremotivatesa lanechange)lt is clearthatthese
dependenciearereally quite complex: driversareforcedto checktheir rearview mirror to ensuresuficiently low



densityon the next lane,but they will only changdanesif the averagespeedn thatlaneis in theright window (high
enoughto motivatealanechangebut low enoughto avoid unnecessarsisk).

We will refrain from spelling out thesepossibledependencies termsof formulas,thoughthis hasto be done
for full traffic simulation.In a (fictitious) spatiallyhomogeneousituationwherethe traffic flow is lane-andspace-
independent? will depencbnly onv—u, u, andp. A simpleexamplefor thiswasconsideredn [13]:

p= (L )6 V>0, )

Vmax— U

Here,Pis takenasasimplepower (& > 0) of thescaledrelative velocity. Thescalingintroducesanexplicit dependence
onu.

(5) is farfrom beingrealistic,but it catcheghe essencef a highermotivationfor lane-changingf v— uis large.A
somevhatmorerealisticansatZor P would be

P=h(p) (o )5 ©)

Vmax— U

whereh(0) = 1, h decreasewith p, andh(pmax) = 0. In homogeneouscenario$ (p) would simply bea constant.

COMPUTING FUNDAMENTAL DIAGRAMS

We first considerthe spatiallyhomogeneousasefor (2) in which 1 (v,t) = f2(v,t) for all (vt). In this situationthe
spatialnonlocalitiesdisappearThetime lag dueto thereactiontime 1 remainsput we will sett = 0 for theremainder
of this paper(this is not justified; we do it only for corvenienceThe dependencef solutionsont, in particularthe
stability of steadysolutionsast varies,is averyinterestingquestionworthy of investigation) We arrive atanonlinear
drift-dif fusionequation

otf +0v(B(p,u,v—u) f —D(p,u,v—u)dyf) =0 @
where
1 [Vmax
u(t) = —/ vf (v,t)dv
pJo

andwe assumehe normalization v
max
/ f(vt)dv=p.
0
Thisis consistentf we assumen additionzeroflux boundaryconditions

B(...)f=D(...)dvf[v0 =0. (8)
It is evidentthatp is thenaninvariant(andit is in generakheonly invariantof (3.1)).
In the steadycase(8) hasto hold for all v € [0, vimay. We canchoosea p € [0,pmay, aUu € [0,Vmay andthensolve
theordinarydifferentialequation(s)
B(p,U,V—U)f=D(p,U,V—U)an (9)

subjecto thenormalizatiorof f(‘)’"‘ax f dv=p (as(9)is homogeneousf firstdegreein f, thisonly meansanappropriate
scalingfactor).If y> 1 (see(4)), (9) hasthe “trivial” solution f (v) = p- 8, (Vv), consistenwith property2 from the
introduction(in the casey < 1 diffusionnearv = u is too strongto keepthetrivial equilibrium).Otherwise(9) must
besolvedseparatelyor v < 0 andv > 0, andthis canbe doneexplicitly for the B andD introducedearlier See[13].
As anadditionalconstrainton the solutionsof (9) onemayimposecontinuityatv = u, thusproducinga continuous
equilibrium“candidatewith P givenby (5). Up to anormalizingconstanthis solutionis

f(v)= P <B(p’u) o™ [(V"Y;“)éﬁ‘y_ 3%]) S (10)

e (—a(p,u) 52 , v<u
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FIGURE 1. A multivaluedfundamentatiiagram

andf3, a aregivenin termsof p andu by
B:CBp/G(r,U), C(:CA(pmaX_p)/O-(pva)'
Choosingp andu thereforeproducesotentialsolutionsf (v). To find arealequilibrium,the constraint
Vmax
/ (v—u)f(v)dv=0 (11)
0

mustbe satisfied andfor the examplegivenin (10), theintegral

/ e (v—u) f (v)dv
0

definesa function R(p,u), computableexplicitly in termsof exponentialsandintegralsof exponentialsee[13] for

explicit formulas).Elementaryargumentsprove thatfor ary p € (0, pmax) we have R(p,0) > 0, R(p,Vmax) < 0, such
thatthereis alwaysatleastoneu € [0, Vmay] with R(p,u) = 0. Speedsi with this propertydeterminghe fundamental
diagram.

3
Figurel shovsthefundamentadiagramfirst computedn [13] for theexamplewherey=1,6=1,P = ( v—u )

Vmax—U
(forv>u),ca=5, cg =25, o = 0.25ando (p, u) asgivenbefore.
Themostremarkabldactaboutthis diagramis thatit is multivaluedin areasonabléensityinterval; specifically it
is three-waluedevenfor the simplisticpassingprobability P whichwe used.

On the complexity of equilibria solutions

We insistedon computingequilibria which are continuousat v = u. A possiblejustificationfor this could be a
“residual” diffusion asdriversassumespeedu (after brakingor acceleratingyith a likely “overshoot, i.e., a driver
may brake below u or accelerat@bove u. We have notincludedsuchresidualdiffusionin the presenmodel;it would
eliminatethetrivial equilibria.

If the continuity requirementfor f atv = u is dropped,mary more possibilitiesarise.Equilibria may suddenly
consistof threecomponentsA Dirac deltacomponensupportedat v = u, a smoothcomponensupporteconv < u



andasmoothcomponensupportednv > u; thesesmoothcomponentsnustsatisfy(9) ontheirdomainsof definition,
but the only otherconstraintsare

Vmax Vmax
/ fdv=p and / (v—u) fdv=0.
0 0

Clearly, this generalitywould permitmary valuesu = u(p) for thefundamentatliagrammorethanappeareasonable
or realistic. The “residual” diffusion alludedto earlier no matterhow small, thereforebecomesappealingandthe
ensuingcontinuity of f becomesompelling.

ZERO PASSING PROBABILITY AND THE MAXWELLIAN EXAMPLE

The causefor the bifurcationleadingto multivaluedfundamentatliagramsds the dependencef P onu andv — u. To
demonstratéhiswe will studythe (muchsimpler)casewhereP = 0 (no passing)andwhere

B [ —p(v—u) , v>u
p0-9={ TS h-w) viu 4

We call this the “asymmetricMaxwellian” case ¢y shouldbe thoughtof asthe quotientbetweerCg andCa. Clearly
(12) determinesB and D only up to a commonfactor g (which may dependon the independentind dependent
variables)but the equilibriadepenconly on % andaregivenby

. e s-u? ysy 13
(V) =cC- o co(1-p) (V—U)Z’ Vv S u ( )

We have normalizedpmax = 1; we will alsosetvmax = 1. Theconstant will bedeterminedy ;™ f (v)dv = p. The
otherconstraint\fo1 (v—u) f(v)dv = 0, reducesaftersomeintegrationsto

pe_%éﬁUZ _ p_CO(l_ p) +CO(1_ p)e—g(l—u)Z (14)

Considerthe two sidesof (14) asfunctionsof u € [0,1]. At u = 0, the left-handsideis p, the right-handside is
p—Cco(l—p) (1—e‘§) < p. At u =1, the left handsideis pe‘%z;m, lessthanthe right-handside, which is p.
Moreover, theleft-handsideis strictly decreasingwhile theright-handsideis strictly increasingn u. It follows that
for eachp € (0,1) thereis exactly oneu € [0,1] suchthat equality in (14) holds, so the fundamentaldiagramis
one-valued.

This reasoninggeneralizego othercaseSNhereg dependnly on p andv — u, anddemonstrateghat passing
probabilitiesandtheir dependenciearecrucialfor the multi-valuedcharactenof realisticfundamentatliagrams.

CONCLUSIONS AND OUTLOOK

We have presented systemof Vlasov-Fokker-Plancktype equationsvith empiricalinput functionsmodellingdriver
acceleration/brakinggiffusion basedon uncertaintyandlane-changing/brakingrobabilities.Fairly simpleassump-
tions regardingthe dependenciesf thesequantitiesproducemulti-valuedfundamentadiagrams We demonstrated
thatthedependenciesf thelane-changingrobabilitiesarecrucialfor this property

The new model offers itself to a multitude of analytical and numericalinvestigations.First, the multi-valued
fundamentatiagramsanddensityfluctuationson the highway shouldconspireto producestop-and-gdraffic, similar
to theexplanationgivenin [12]; numericalexperimentgo thisendarein progressSecondthespatiallyhomogeneous
equation

o f + (B(p,u,v—u) f —D(p,u,v—u)f’) =0

with u(t) = %fvf (v,t)dvis anonlineadrift-dif fusionequatiorwhichadmits(in generalmultiple equilibriaconsistent
with the multi-valuedfundamentatiagram.

This scenarioraisesquestionsof stability of equilibria, existenceof traffic entropy functionals,and qualitatve
behaior of time-dependergolutionsWork on all of thesequestionds in progress.
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