
On Vlasov-Fokker-Planck TypeKinetic Models for Multilane
Traffic Flow

ReinhardIllner
�
, Axel Klar† andThorstenMaterne†�

Departmentof MathematicsandStatistics,Universityof Victoria, P.O.Box3045STNCSC,Victoria, B.C.V8W
3P4

†FB Mathematik,TU Darmstadt,Schlossgartenstr. 7, 64289Darmstadt,Germany

Abstract. We discussrationalesfor kinetic descriptionsof traffic dynamicsandpresenta classof new modelsof Vlasov-
Fokker-Plancktype.Thesemodelsincorporate(nonlocalandtime-delayed)brakingandaccelerationtermswhich arecon-
sistentwith realistictime scales.Correlationassumptionsaremadesuchthatbrakingandaccelerationtermsdependonly on
macroscopicdensitiesandtherelative speedswith respectto theaveragespeed;thebrakingtermincludeslanechangeprob-
abilities,andreasonableassumptionson the dependenciesof theseprobabilitieson the traffic situationleadto multivalued
fundamentaldiagrams,consistentwith traffic observations.

INTRODUCTION

The useof kinetic modelsfor traffic dynamicsis controversialbecauseof the arisingscalesand the interpretative
difficulties. It is clear that kinetic predictionsin traffic flow canonly be interpretedstatistically:how elsecanone
reasonablytalk about“the numberof carsat locationx moving atspeedswithin

�
v1 � v2 � ?” For traffic onone-laneroads,

wherepassingis impossible,it maywell betruethatmicroscopicmodels(eachcaris describedby adelay-differential
equation,with acouplingterm)or macroscopicequationsof conservationtypearesufficient for realisticpredictions.

We give two reasonsfor the useof kinetic modelsin multi-lane scenarios:1) They offer greatflexibility and
conveniencein theincorporationof hypothesesregardingdriverbehaviour, and2) They arenaturalsteppingstonesin
thederivationof macroscopicmodels.As a possiblethird reasononecanpointout thatfor traffic flow kinetic models
arealsofeasiblefor numericalpurposes,becausepositionandspeedarejust one-dimensionalvariables.

The first kinetic model for traffic flow wassuggestedby PrigogineandHerman[1], followed several yearslater
by a modelproposedby Paveri-Fontana[2]. More recently, Klar andWegener[3, 4, 5, 6] have introducedkinetic
equationsof Enskogtypefor multilanetraffic. In thepresentarticlewereportaboutaveryrecentapproachto simulate
multilanetraffic by coupledequationsof Vlasov-Fokker-Plancktype.Thesemodelswereintroducedin orderto resolve
scalingdifficultiespresentin Enskog-andotherBoltzmann-typemodelsdiscussedbelow. In Section2 we presentthe
new models,formulatedfor two-lanetraffic. The equationsincludebrakingandaccelerationtermswith appropriate
nonlocalitiesand time delays;the brakingtermsincludethe lanechangeprobabilitieswhich shoulddependon the
traffic stateaheadof thedriver (on thesamelane)andon theneighbouringlane.

Mathematicalmodelsof multilanetraffic flow shouldhave a numberof properties,someintrinsic in themodeling
process,somedisplayedin the solution patternspredictedby the model. We suggestthe following list of basic
properties.

1. The scalesusedin the model for independentanddependentvariables,suchas position,speed,acceleration,
vehicledensityandflux, shouldberealisticandbeat realisticratios.

2. The modelshouldallow trivial equilibria f � v��� ρδu � v� (all carstravel at the samespeedu). Theseequilibria
exist from afundamentalpointof view; in certaindensity-flow regimesthey areeffectively observed[7, 8, 9, 10].

3. (a) The modelshouldallow the calculationof equilibrium fundamentaldiagramsρ 	 ue � ρ � or ρ 	 je � ρ �
�
ρ � ue � ρ � .

(b) At leaston multilanehighwaysandwithin certaindensityregimesthesefundamentaldiagramsshouldbe
multivalued(suggestedby traffic observations).It is speculatedthat bifurcationsof this type arelinked to



thelane-changing/brakingbehavior of thedrivers.
4. The model should give rise to phasetransitions/stop-and-gotraffic (presumablyrelated to the bifurcations

mentionedin 3(b)).

This list is probablyincomplete.Property1 is basicbut of centralimportance.Property2 is alsobasic;it alsois
consistentwith the observation (see[7, 8, 9, 10]) that within certaindensityregionstraffic tendsto “synchronize,”
i.e., settlesat a trivial equilibria.For higherdensityvaluesthesesynchronizedequilibria give way to moving traffic
jams, consistentwith property4. Finally, the fundamentaldiagramspostulatedby property3(a), and their multi-
valuedcharactergivenby 3(b), aredeliveredat thesimplestlevel by traffic datacollection.They shouldthereforebe
computablefrom themodel.

A brief review of other models

Basic “follo w-the-leader”models(systemsof coupledordinarydelay-differentialequationsin which eachcar is
representedby its own equation)cancertainlyhave properties1 and2; at thesimplestlevel equilibriumfundamental
diagramscanbecomputedwith trivial equilibriain mind.

For macroscopicmodels,i.e., systemsof (usually 2) first order partial equations,one for density (continuity
equation)andonefor flux or meanspeed,property1 canbe enforced,but properties2 and3 areproblematical.In
fact,oneusuallyneedsanequilibriumfundamentaldiagramρ 	 ue � ρ � , aswell asrelaxationtimesTe � ρ � , from the
outset,asthe right-hand-sideof the speedequationis 1

Te � ρ  � ue � ρ ��� u� . The propertiesof suchmodels(asthe most

recentwe mentionthemodelintroducedby Aw andRascle[11]) dependthenlargelyon thechoicesof ue � ρ � , Te � ρ � ,
andonotherfunctionsenteringthemodelparametrically.

Kinetic modelsallow the computationof traffic patterns(suchasfundamentaldiagrams)from basicassumptions
aboutdriverbehaviour. Themostrecentmodelsof kinetic typearetheEnskog-typemodelsintroducedanddiscussed
by Klar, Wegeneret al. in ([4, 5]). They areof thetype

∂t f � v � ∂x f � C��� f � � (1)

whereC� denotesan interactionoperatorof Boltzmann-Enskog type, with appropriatenonlocalities.As shown in
[12] thesemodelsmaybe refinedto have properties2-4. Unfortunately, aspointedout recentlyin [13], they violate
property1: In every modelof type(1) whereC� � f � is a “collection” (interaction)operatorof Boltzmann,Enskog or
neutrontransporttype,oneimplicitly assumesthat theinteractionitself, andthevelocity adjustmentof thefollowing
carareinstantaneous.Thisassumptionis acceptablefor microscopicparticleslikeatomsor electrons,but it is not true
for vehicles,wherea brakingor accelerationtime in typical densityis of the sameorderof magnitudeasthe “free
driving time” in betweeninteractions.

It hasthereforebeensuggestedin [13] that kinetic traffic modelswhich possessproperty1 shouldbe of Vlasov-
Fokker-Plancktype; in suchequations,the “force” termsare scalableand speed-dependent.Uncertaintyin driver
behaviour shouldgive riseto diffusionterms.

THE VLASOV-FOKKER-PLANCK MODELS

We consider2-lanetraffic, wherethetraffic lanesarelabeled1 or 2, respectively. Thekinetic traffic densityon lanei
at locationx andtime t will be fi � x � v� t � . Macroscopicdensityρi � x � t � , flux j i � x � t � andaveragespeedui � x � t � arethen
givenby

ρi � x � t ����� vmax

0
fi � x � v� t � dv� j i � x � t ����� vmax

0
vfi � x � v� t � dv�

ui � x � t �
��� j i � ρi ��� x � t ���
Sometimesfi is factoredas fi � ρi � x � t ��� Fi � x � v� t � , whereFi is theprobabilitydensityin v of caseat � x � t � .

Realobservationssuggestthat thereare(at least)3 differentkindsof reactiontimesto beconsidered:Theaverage
individual reactiontime τ � 0 � andthe reactiontimesTB andTA usedfor theestimationof brakingandacceleration
thresholds.This meansthata driverat x with speedv will brake in reactionto slower traffic seenat x � HB � v� , where



HB � v��� H0 � TBv andH0 is the averagecar length;moreover, the brake reactionwill occurwith delayτ � i.e., the
referencepoint in � x � t � -spaceis � x � HB � v� � t � τ � . Similar considerationsapply to acceleration,and observations
suggestthat

0 � τ � TB � TA � ∞ �
For i � 1 � 2 andk � 3 � i wenow write thegeneral evolutionequationfor thetraffic density fi as

∂t fi � v∂x fi � ∂v � Bi ��� �!�"� fi � Di �!�!� � � ∂v fi �� pk ���!� � � fk � pi ��� �!�"� fi (2)

Here,Bi � Di � and pi standfor the braking/accelerationforce, the diffusioncoefficient andthe lanechangingrate(s),
respectively. Thedetailsof themodelarecontainedin thedependencieswhich wewill assumefor thesequantities.

First we remarkthat it would be desirableto producea (more) rigorousderivation from first principles,i.e., a
derivationof (2) from anN-carLiouville equationandhierarchyequations.Theproblemwith this is thatoneneedsto
postulateinteractionrulesbetweendrivers(cars)in any case,andempiricalinput is unavoidableat thatlevel.Secondly,
any attemptof deriving (2) via hierarchyequationswill at somepoint reachthe difficulty of expressingmany-car
distribution densitiesin termsof the one-cardensity fi � andat that point onehasto make “reasonable”correlation
assumptions;it is clearthat theusualhypothesisof molecular(“vehicular”)chaoscannotbeusedin thepresentcase
andmustbecorrectedwith correlationfactors(see[4, 12] for examplesonthis),whichwill againincorporateempirical
observations.

In view of thesedifficultieswe baseour assumptionson Bi � Di andpi on empiricalguidelines.We let ourselvesbe
guidedby theproperties1-4 listedin theintroduction.Whenthereis no dangerof confusionwe will sometimesomit
theindex i.

Lane changeprobabilities and passingrates

Dimensionalconsiderationssuggesttaking pi � Pi �!�!�!�#��� j i � where j i is the flux in the ith lane and Pi � �!� � � is a
(dimensionless)lanechangingprobability. Thedependenciesof Pi will bediscussedbelow.

Ourfundamentalassumptionsregardingthebraking/acceleration/diffusion/lane-changingbehavioursof anindivid-
ual driver moving with speedv $ �

0 � vmax� is that themaindependency is on therelative speedv � ui � whereui is the
meantraffic speedat a relevant thresholddistanceaheadof thedriver. To this endwe find it convenientto introduce
abbreviationsfor ui � x � HB � t � τ � asfollows:

uB
i : � ui � x � HB � t � τ � � uA

i : � ui � x � HA � t � τ �
ρB

i : � ρi � x � HB � t � τ � � ρA
i : � ρi � x � HA � t � τ ���

A driver at � x � t � will be in a brakingscenarioif v � uB
i � 0 � in anaccelerationscenarioif v � uB

i � 0 andv � uA
i � 0

(notethatthetwo conditionsarenot equivalentbecauseHA � HB if v � 0). It is possiblethatneitherscenarioapplies.
In thebrakingscenariothedriver will bemotivatedfor changelanes,andwe will assigna lanechangeprobability

Pi in thiscase.For accelerationscenarioswe shallsetPi % 0 �
After thesepreparationswe arefinally readyto suggestdependenciesfor thebraking/accelerationterm.

The braking/acceleration terms

Definition.

Bi � x � v� t � : �
&''''( '''')

� cB * v � uB
i + 2 ρB

i �,� 1 � Pi ��� �!�"� � if v � uB
i

cA * v � uA
i + 2 * ρmax � ρA

i + if v - uB
i and v � uA

i

0 otherwise� (3)

Remarks. FirstweobservethatBi vanishesof quadraticorderin � v � u� if uB
i � uA

i � This is consistentwith property2
listedearlier. In fact,all thatis requiredfor thispropertyis thatB vanishesasv 	 u; thechoiceof makingB quadratic in



� v � u� andproportionalto densitydifferenceshastheaddedadvantageof makingtheconstantscB � cA dimensionless.
Braking shouldbe stronger in densertraffic, hencethe simplelinear dependenceon ρB

i � andaccelerationshouldbe
weaker in densertraffic, hencethe given dependenceon ρmax � ρA

i (whereρmax � 1� H0 is the (maximal)standing
traffic density).As uB

i anduA
i dependon v� theconditionsv � uB

i � v � uA
i etc.areimplicit in v�

Theasymmetryin (3) is evenstrongerthanperceivedasoneshouldtakecA � cB: brakingis forced,but acceleration
is by choice.Needlessto say, theform prescribedby (3) is just thesimplestof many possibleguesses.

The(crucial)dependenciesof Pi arediscussedbelow. If, asstated,Pi is thelanechangingprobability, then1 � Pi is
thebrakingprobability.

Diffusion

ThediffusioncoefficientD will alsobesetto dependontherelativespeedsof adriver, themacroscopicdensityand
theaveragespeed.Specifically, weassumethatthereis asmoothfunctionσ � ρ � u� suchthat

D �!�!�!�#�.� D � ρ � u � v � u�/� σ � ρ � u���,� v � u� γ �
whereγ � 0 is a parameter. In equations(2), we take

Di ��� �!�"���
&''''( '''')

σ * ρB
i � uB

i + �100 v � uB
i 00 γ if v � uB

i

σ * ρA
i � uA

i + � 00 v � uA
i 00 γ if v - uB

i and v � uA
i

0 otherwise� (4)

Thedefinitionimplies thatDi is zeroif v � uB
i � uA

i ; if γ � 1 � this will guaranteeproperty2. In fact, it is enoughfor
this propertyto assumethatD vanishessufficiently fastasv 	 uB

i �
Beforewediscussassumptionsonσ � ρ � u� we attempta heuristicjustificationof theansatz(4). Thekey ideais that

Di is “generated”by the inability (or uncertainty)of a driver to estimaterelative speedswith accuracy, exceptwhen
suchrelativespeedsare0. As afirst guesswesetthediffusioncoefficientproportionalto apowerof therelativespeed.

As for σ � ρ � u� , a simplefirst guesswould be to chooseit constant;this, however, is not realisticat the extremal
valuesρ � ρmax (standingtraffic expected),ρ � 0 (free driving expected,no reasonfor diffusion),u � 0 (standing
traffic expected).Whathappensat u � umax mustdependon ρ �

Therefore,it seemsreasonableto chooseσ � ρ � u� asafunctionwhichvanishesrapidlyenoughasρ 	 0 or ρ 	 ρmax �
andasu 	 0 � In [13], we chose

σ � ρ � u�.� σcρmaxu
2
maxm1 2 ρ

ρmax 3 m2 2 u
umax 3

with m2 � s��� s � 1 � s� (notethat this implies that σ alsovanishesat u � umax; a convenientbut probablyunrealistic
andunnecessaryassumption),andm1 � r � afunctionwhichconsistsof two linkedpiecesof Gaussiandistributionssuch
thatmax

r
m1 � m1 � 0 � 3� andm1 � 0��� m1 � 1�.� 0 � σc is a freeparameter. Reasonablechoicesof σ at theboundariesof

thedomain � ρ � u��$ �
0 � ρmax��4 �

0 � vmax� areimportantfor thecomputationof realisticfundamentaldiagramsnearthe
endpointsρ � 0 andρ � ρmax (theexpectedaveragespeedstherearevmax � umax andu � 0 � respectively).

Lane changeprobabilities

TheprobabilitiesPi � areonly meaningfulon multi-lanehighways,but their impacton thefundamentaldiagramis
significant.As statedbefore,we setPi � 0 in accelerationscenarios.In brakingscenariosv � uB

i � i.e., v satisfiesthe
implicit relationshipv � ui � x � H0 � TBv� t � τ �5� 0, Pi shoulddependonv � uB

i � on thedensityρB
i � andon thedensity

ρk andaveragespeeduk � k � 3 � i � on the neighboringlane,probablywith appropriatenonlocalities.For example,
Pi shoulddisplaya monotonedependenceon uk � x � t � anddecreasemonotonicallyin ρk � x � t � (higherdensityon the
next lanemakeslanechangingdifficult, but higheraveragespeedtheremotivatesa lanechange).It is clearthatthese
dependenciesarereally quite complex: driversareforcedto checktheir rearview mirror to ensuresufficiently low



densityon thenext lane,but they will only changelanesif theaveragespeedin thatlaneis in theright window (high
enoughto motivatea lanechange,but low enoughto avoid unnecessaryrisk).

We will refrain from spellingout thesepossibledependenciesin termsof formulas,thoughthis hasto be done
for full traffic simulation.In a (fictitious) spatiallyhomogeneoussituationwherethe traffic flow is lane-andspace-
independent,P will dependonly onv � u � u � andρ � A simpleexamplefor thiswasconsideredin [13]:

P � 2 v � u
vmax � u 3 δ

v � 0 � (5)

Here,P is takenasasimplepower � δ � 0� of thescaledrelativevelocity. Thescalingintroducesanexplicit dependence
on u �

(5) is far from beingrealistic,but it catchestheessenceof a highermotivationfor lane-changingif v � u is large.A
somewhatmorerealisticansatzfor P wouldbe

P � h � ρ � 2 v � u
vmax � u 3 δ

(6)

whereh � 0�.� 1 � h decreaseswith ρ � andh � ρmax�.� 0 � In homogeneousscenariosh � ρ � wouldsimply bea constant.

COMPUTING FUNDAMENTAL DIAGRAMS

We first considerthespatiallyhomogeneouscasefor (2) in which f1 � v� t �5� f2 � v� t � for all � v� t � . In this situationthe
spatialnonlocalitiesdisappear. Thetime lagdueto thereactiontimeτ remains,but wewill setτ � 0 for theremainder
of this paper(this is not justified;we do it only for convenience.Thedependenceof solutionson τ � in particularthe
stabilityof steadysolutionsasτ varies,is avery interestingquestionworthyof investigation).Wearriveatanonlinear
drift-dif fusionequation

∂t f � ∂v � B � ρ � u � v � u� f � D � ρ � u � v � u� ∂v f �
� 0 (7)

where

u � t �.� 1
ρ

� vmax

0
vf � v� t � dv

andweassumethenormalization � vmax

0
f � v� t � dv � ρ �

This is consistentif weassumein additionzeroflux boundaryconditions

B ��� �!�"� f � D �6� �!�#� ∂v f 7 v8 0
v8 vmax

� 0 � (8)

It is evidentthatρ is thenaninvariant(andit is in generaltheonly invariantof (3.1)).
In thesteadycase(8) hasto hold for all v $ �

0 � vmax� . We canchoosea ρ $ �
0 � ρmax� , a u $ �

0 � vmax� andthensolve
theordinarydifferentialequation(s)

B � ρ � u � v � u� f � D � ρ � u � v � u� ∂v f (9)

subjectto thenormalizationof 9 vmax
0 f dv � ρ (as(9) ishomogeneousof firstdegreein f � thisonly meansanappropriate

scalingfactor).If γ � 1 (see(4)), (9) hasthe “tri vial” solution f � v�5� ρ � δu � v� , consistentwith property2 from the
introduction(in thecaseγ - 1 diffusionnearv � u is too strongto keepthetrivial equilibrium).Otherwise,(9) must
besolvedseparatelyfor v � 0 andv � 0 � andthiscanbedoneexplicitly for theB andD introducedearlier. See[13].

As anadditionalconstrainton thesolutionsof (9) onemayimposecontinuityatv � u � thusproducingacontinuous
equilibrium“candidate”with P givenby (5). Up to a normalizingconstantthis solutionis

f � ν ��� &'''( ''') exp 2 β � ρ � u��� v � u� 3 : γ ;=< v : u
vmax : u > δ

1
3� δ : γ � 1

3 : γ ? 3 � v � u

exp < � α � ρ � u� � u : v 3 @ γ

3 : γ > � v - u

(10)
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FIGURE 1. A multivaluedfundamentaldiagram

andβ � α aregivenin termsof ρ andu by

β � cBρ � σ � r � u� � α � cA � ρmax � ρ � � σ � ρ � a�A�
Choosingρ andu thereforeproducespotentialsolutionsf � v� . To find a realequilibrium,theconstraint� vmax

0
� v � u� f � v� dv � 0 (11)

mustbesatisfied,andfor theexamplegivenin (10), theintegral� vmax

0
� v � u� f � v� dv

definesa functionR � ρ � u� , computableexplicitly in termsof exponentialsandintegralsof exponentials(see[13] for
explicit formulas).Elementaryargumentsprove that for any ρ $B� 0 � ρmax� we have R � ρ � 0�C� 0 � R � ρ � vmax��� 0 � such
thatthereis alwaysat leastoneu $ �

0 � vmax� with R � ρ � u�.� 0 � Speedsu with this propertydeterminethefundamental
diagram.

Figure1 shows thefundamentaldiagramfirst computedin [13] for theexamplewhereγ � 1 � δ � 1 � P � < v : u
vmax : u > δ

(for v � u), cA � 5 � cB � 25� σc � 0 � 25 andσ � ρ � u� asgivenbefore.
Themostremarkablefactaboutthis diagramis thatit is multivaluedin a reasonabledensityinterval; specifically, it

is three-valuedevenfor thesimplisticpassingprobabilityP whichwe used.

On the complexity of equilibria solutions

We insistedon computingequilibria which arecontinuousat v � u � A possiblejustification for this could be a
“residual” diffusionasdriversassumespeedu (afterbrakingor accelerating)with a likely “overshoot,” i.e., a driver
maybrakebelow u or accelerateaboveu � We havenot includedsuchresidualdiffusionin thepresentmodel;it would
eliminatethetrivial equilibria.

If the continuity requirementfor f at v � u is dropped,many more possibilitiesarise.Equilibria may suddenly
consistof threecomponents:A Dirac deltacomponentsupportedat v � u � a smoothcomponentsupportedon v � u



andasmoothcomponentsupportedonv � u; thesesmoothcomponentsmustsatisfy(9) ontheirdomainsof definition,
but theonly otherconstraintsare� vmax

0
f dv � ρ and � vmax

0
� v � u� f dv � 0 �

Clearly, thisgeneralitywouldpermitmany valuesu � u � ρ � for thefundamentaldiagram,morethanappearreasonable
or realistic.The “residual” diffusion alludedto earlier, no matterhow small, thereforebecomesappealing,and the
ensuingcontinuityof f becomescompelling.

ZERO PASSING PROBABILITY AND THE MAXWELLIAN EXAMPLE

Thecausefor thebifurcationleadingto multivaluedfundamentaldiagramsis thedependenceof P on u andv � u. To
demonstratethiswe will studythe(muchsimpler)casewhereP � 0 (nopassing),andwhere

B
D

� v � u�/�ED � ρ � v � u� � v � u� c0 � 1 � ρ �F� v � u� � v � u
(12)

We call this the“asymmetricMaxwellian” case.c0 shouldbethoughtof asthequotientbetweenCB andCA. Clearly
(12) determinesB and D only up to a commonfactor g (which may dependon the independentand dependent
variables),but theequilibriadependonly on B

D andaregivenby

f � v��� c �1G e: ρ
2
� v : u 2 � v � u

e: c0 H 1 @ ρ I
2

� v : u 2 � v - u
(13)

We havenormalizedρmax � 1; we will alsosetvmax � 1 � Theconstantc will bedeterminedby 9 vmax
0 f � v� dv � ρ � The

otherconstraint,9 1
0 � v � u� f � v� dv � 0 � reducesaftersomeintegrationsto

ρe: C0 H 1 @ ρ I
2 u2 � ρ � c0 � 1 � ρ ��� c0 � 1 � ρ � e: ρ

2
� 1 : u 2 (14)

Considerthe two sidesof (14) as functionsof u $ �
0 � 1� � At u � 0, the left-handside is ρ � the right-handside is

ρ � c0 � 1 � ρ � < 1 � e: ρ
2 > � ρ � At u � 1 � the left handside is ρe: c0 H 1 @ ρ I

2 , lessthan the right-handside,which is ρ.

Moreover, theleft-handsideis strictly decreasing,while theright-handsideis strictly increasingin u. It follows that
for eachρ $J� 0 � 1� thereis exactly one u $ �

0 � 1� suchthat equality in (14) holds, so the fundamentaldiagramis
one-valued.

This reasoninggeneralizesto othercaseswhere B
D dependsonly on ρ andv � u, anddemonstratesthat passing

probabilitiesandtheir dependenciesarecrucialfor themulti-valuedcharacterof realisticfundamentaldiagrams.

CONCLUSIONS AND OUTLOOK

We have presenteda systemof Vlasov-Fokker-Plancktypeequationswith empiricalinput functionsmodellingdriver
acceleration/braking,diffusionbasedon uncertaintyandlane-changing/brakingprobabilities.Fairly simpleassump-
tions regardingthe dependenciesof thesequantitiesproducemulti-valuedfundamentaldiagrams.We demonstrated
thatthedependenciesof thelane-changingprobabilitiesarecrucialfor this property.

The new model offers itself to a multitude of analytical and numerical investigations.First, the multi-valued
fundamentaldiagramsanddensityfluctuationson thehighwayshouldconspireto producestop-and-gotraffic, similar
to theexplanationgivenin [12]; numericalexperimentsto thisendarein progress.Second,thespatiallyhomogeneous
equation

∂t f � * B � ρ � u � v � u� f � D � ρ � u � v � u� f K + K � 0

with u � t ��� 1
ρ 9 vf � v� t � dv isanonlineardrift-dif fusionequationwhichadmits(in general)multipleequilibriaconsistent

with themulti-valuedfundamentaldiagram.
This scenarioraisesquestionsof stability of equilibria, existenceof traffic entropy functionals,and qualitative

behavior of time-dependentsolutions.Work on all of thesequestionsis in progress.
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